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Abstract. The aim of this paper is threefold: first, to prove that the endo- 
morphism ring associated to a pure subring of a regular local ring is a non- 
commutative crepant resolution if it is maximal Cohen-Macaulay; second, to 
see that in that situation, a different, but Morita equivalent, noncommutative 
crepant resolution can be constructed by using Frobenius morphisms; finally, 
to study the relation between Frobenius morphisms of noncommutative rings 
and the finiteness of global dimension. As a byproduct, we will obtain a result 
on wild quotient singularities: If the smooth cover of a wild quotient singu- 
larity is unramified in codimension one, then the singularity is not strongly 
F-regular. 

1. Introduction 

1.1. Pure subrings of regular local rings and NCCRs (Section [2]). After 
Van den Bergh |VdBj introduced the notion of NCCR (noncommutative crepant 
resolution), its importance is now well recognized. A nice reference of the theory is 
Leuschke's recent survey article |Le2] . The most basic example is the following: 

Example 1.1. Let S := fcflaJi, . . . , Xd]], a power series ring over a field k, G C 
GLd(k) a small finite subgroup with char(fc) j (JG, and R :— S the invariant sub- 
ring. Then the endomorphism ring of the R- module S, End^(S'), is isomorphic to 
the skew group ring S*G and so a NCCR. Namely it has finite global dimension and 
is a MCM (maximal Cohen-Macaulay) i?-module. (Unlike the original definition of 
NCCR by Van den Bergh, we do not assume that the base ring R is Gorenstein.) 

We are interested in generalizing this example. In particular, we would like to 
investigate the following problem: 

Problem 1.2. Let R C S be a module- finite and pure extension of commutative 
domains such that they are both Noetherian, complete, local and normal, and 
moreover S is regular. Then is End^(5) a NCCR? 

Our main motivation for this problem is the situation in positive characteristic. 
Then the extension R C S can be purely inseparable and we have no Galois group 
G and cannot use the isomorphism Endfl(S') = S * G to show that End^(S') is a 
NCCR. 

The purity condition in the problem does not matter in characteristic zero, be- 
cause every module-finite extension of normal domains is pure. As Corollary 13.31 
shows, the condition is necessary in positive characteristic. 

Apart from Example 11.11 the answer to the problem is known to be positive in 
dimension two. Indeed, in this case, Endfl(S*) is MCM, as every reflexive module 
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is MCM. Moreover S contains every indecomposable MCM i?-module as a direct 
summand |Haj . Then Endi^S*) has finite global dimension from the following the- 
orem: 

Theorem 1.3 ( |Lelj ). Let S be a commutative Noetherian complete local CM ring 
and M a finitely generated MCM S-module which includes every indecomposable 
MCM S -module as a direct summand. Then Ends (A/) has finite global dimension. 

In dimension > 3, one can hardly expect that a ring R with a regular covering S 
has only finitely many indecomposable MCM modules. However we will generalize 
Theorem II .31 as follows: 

Theorem 1.4 (Theorem 12 -6[) . Let S and M be as in Theorem \1.3[ Suppose that 
R CI S is a pure subring such that S is a finitely generated R-module. Suppose also 
that Horn r(S, M) is MCM. Then End#(M) has finite global dimension. 

As a corollary we obtain a partial answer of Problem 11.21 

Corollary 1.5 (Corollary I2.11|l . Let R and S be as in Problem[Tj% If Endij(S') is 
MCM, then it is a NCCR. 

Thus the remaining problem is: 

Problem 1.6. With the assumption as in Problem II .2\ is End^(5) always MCM? 
Or, when is it? 

1.2. A result on wild quotient singularities (Section [3]). Using the above 
result and Yi's theorem of the global dimension of a skew group ring [YiJ . we will 
prove the following result on wild quotient singularities: 

Corollary 1.7 (Corollary 13 . 3[) . Let S := k[[xi, . . . , Xd\], G C Autfc(S) a finite 
group of order divisible by the characteristic of k and R :— S G . Suppose that S is 
unramified over R = S G in codimension one. Then R is not a pure subring of S 
or strongly F-regular. 

Remark 1.8. Several cases are known where the invariant ring S G is not Cohen- 
Macaulay, hence nor F-regular. For instance, it is the case if G = Z/p n Z, the action 
is linear and the fixed point locus has codimension > 3 }ESj . 

1.3. NCCRs via Frobeniuses (Section [4]). We are interested also in the role 
of Frobenius morphism in the theory of noncommutative (crepant) resolution. (By 
a NCR (noncommutative resolution), we mean an endomorphism ring End^(-M) 
having finite global dimension.) Firstly an interesting problem similar to Problem 
Olis: 

Problem 1.9. Let R be a commutative ring of characteristic p > such that 
its Frobenius map R <-> R}/p is finite. Then one can consider the endomorphism 
ring Endfl(i? 1 / pC ) associated to the e-iterated Frobenius R ^ R l / pC . When is it a 
NC(C)R? 

This is of particular intereset, because End/j(i? 1 ^ p ) = End flP = (R) and 

D(R) := \jEnd RP e(R) 

e>0 

is the ring of differential operators on R. If for sufficiently large e's, Endj^(i? 1 / p ) 
have global dimensions bounded from above, then from [Be] . D(R) also has finite 
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global dimension. The ring End^R 1 ^") is also closely related to the F-blowup 

The following is our partial answer to Problem II .91 

Theorem 1.10 (Corollary 14.21) . Let S and R be as in Problem Suppose 
that End R (S) is MCM. Then for sufficiently large e, End fl (i? 1 / pC ) is a NCCR 
and Morita equivalent to End/? (5). 

In fact, the core of our proof is due to Hara [Ha ], who proved the corresponding 
result in dimension two. Also Toda and the author [TY| previously proved the 
theorem in the case of tame quotient singularities. Their proof uses a result from 
the representation theory, while Hara's argument replaces it with an elegant ring- 
theoretic argument. 

We should notice that Endfl(i? 1 / p ) is not a NCCR for a general singularity R. 
Indeed Dao proved [Daj that if R is a local complete intersection which is regular 
in codimension two, then End^(i? 1 / p ) is not a NCCR for any e. 

1.4. Noncommutative Frobeniuses and global dimensions (Sections[5]and 

[6]). For commutative rings or schemes, the Frobenius morphism has been exploited 
as a tool to study singularities: Kunz's characterization of regularity (smoothness) 
[Kuj . the study of F-singularities (see |Smj ) among others. In [Yaj . the author 
defined the Frobenius morphism of the endomorphism ring of a module over a 
commutative ring. In Section [6l we will also define the Frobenius morphism of 
the skew group ring associated to a commutative ring and a finite group in an 
obvious way. Then we will study relation between the finiteness of global dimension 
and the flatness of Frobenius morphism. For commutative rings, both properties 
are characterizations of regularity and Herzog |He| gave a direct proof that the 
latter implies the former. Koh and Lee jKLj refined his result and proved certain 
constraint which the minimal resolution of every module satisfies. We will prove 
the noncommutative version of Koh and Lee's result (Theorem 15. 2p . 

However, in order to obtain finite global dimension using this, the flatness of 
Frobenius morphism is not sufficient unlike the commutative case. Then we will 
axiomize the properties of Frobenius morphism which are necessary to deduce finite 
global dimension. Moreover if the relevant noncommutative ring is Endij(Af), then 
we will relate the properties with those of M in terms of the Frobenius of R. 

1.5. Convention. Throughout the paper, R denotes some commutative Noether- 
ian local complete domain of Krull dimension d. Unless otherwise noted, a ring 
means a (commutative or noncommutative) i?-algebra which is a finitely generated 
torsion-free i?-module. Thus every commutative ring has Krull dimension d. 

A module means a finitely generated left module unless otherwise noted. Then 
the category of modules over a ring has the Krull-Schmidt property: Every module 
uniquely decomposes into the direct sum of indecomposable modules. A ring or 
module is called maximal Cohen- Macaulay or simply Cohen- Macaulay (for short, 
CM) if they are maximal Cohen-Macaulay i?-modules. Similarly a ring or module 
is called reflexive if it is a reflexive i?-module. The notation rM (resp. Mr) means 
that M is a left (resp. right) i?-module. 

We denote the category of i?-modules by mod(i?) and subcategories of projective 
(resp. CM, reflexive) i?-modules by proj(i?) (resp. CM(i?), ref(i?)). A sequence 
of modules in such a subcategory is said to be exact if it is exact in the ambient 
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category mod(_R). A functor between such subcategories is said to be exact if it 
preserves exact sequences. 

1.6. Acknowledgments. I would like to thank Nobuo Hara, Colin Ingalls, Os- 
amu Iyama, Hiroyuki Nakaoka, Tadakazu Sawada and Shunsuke Takagi for useful 
discussions. 

2. NCRS OF PURE SUBRINGS 

2.1. Preliminaries. First of all we recall some basic notions. 

Definition 2.1. For a module M over a ring S, the additive closure of M, denoted 
add(M), is the category consisting of modules isomorphic to a direct summand of 
M® 1 , I > 0. We say that M is an additive generator of the category add(Af). 

Definition 2.2. We say that a ring S is of finite CM type if there are, up to iso- 
morphism, only finitely many indecomposable CM S'-modules. Then there is an 
additive generator M of CM(S), which is a CM module containing every indecom- 
posable CM module as a direct summand. Such M is called a CM generator (over 
S). 

Definition 2.3. A (necessarily module-finite) extension R C S of commutative 
rings is said to be pure if the inclusion map R <->• S splits as an i?-module map. If 
it is the case, we also say that R is a pure subring of S. 

Definition 2.4. Let A be a ring and M a A-module. The reflexive hull of M is 
defined as the A-module 

M ref := Hom i j(Hom i j(M, R),R). 
Then M is reflexive if and only if the natural map M — > Af rcf is an isomorphism. 

Definition 2.5 ([BO], (VdB] b Let M be a tosion-free fl-module. 

(1) Endfl (M) is called a NCR if it has finite global dimension. 

(2) Endfl(Af) is called a NCCR if it is CM and has finite global dimension. 

2.2. NCRs of pure subrings. 

Theorem 2.6. Let S be a commutative CM ring of finite CM type with a CM 
generator M . Suppose that R C S is pure and that Hom^S 1 , M) is CM. Then 

gl.dimEnd^XM) < max{d,2}. 

In particular, End^(Af) is a NCR. Moreover if d > 2, then 

gl. dimEnd fl (M) = d. 

Proof. Let A be the opposite ring of End/?(M). Being Noetherian, A and End^(M) 
have equal global dimension. Therefore we may show the theorem for A instead of 
Endfl(M). 

Notice that since S is CM, we have S S £ CM(S) = add( s M) and R S £ 
add(flM). Since rR is a direct summand of rS, we have rR £ add(ijM). Then 
we define functors 

a:=Hom K (A/.-) 

add(flM) ^_proj(A) 

Q- 1 :=Hom A (a(fl),-) 
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These are equivalences which are inverses to each other. (The equivalence is known 
as the projectivization |ARS| .) Let e :— max{<i, 2}, A an arbitrary A-module and 

P. : P e -l -> ► Pi -> Pq 

the first e-step of a projective resolution of A. Set 

L. := a~ 1 (P,) : L e _i -» ► £i L 

and L e := Ker(L e _i — >• L e _2). 

Claim 2.7. W^e /iaue i/iai L e e add(^Af). 

If the claim is true, then applying a to 

->■ L e — > L e _i ->■•••—>■ L , 

we obtain an exact sequence 

(1) a(L e ) -> P e _i P e _ 2 -»• >P Q . 

Here the exactness follows from the left exactness of a and the exactness of P,. 
Sequence ([T]) is a projective resolution of A. Hence A has global dimension < e. 
On the other hand, from [Raj (see also |Le2] ) . it has global dimension > d. Hence 
if d > 2, then the equality in the theorem holds. 

The proof up to this point is basically the same as the one in [Lelj . The difference 
lies in the proof of Claim [2771 

Proof of Claim\2J\ By assumption, H.om R (S,N) is CM for every N E &dd( R M). 
Hence 

s Bam R (S,N) £ add( s M) = CM(S). 
Thus we have the functor 

ip := Uom R (S, -) : add( R M) -> CM(S). 

Set T := Ends(M) op and define equivalences 

/3:=Homs(M,-) 

CM(S) proj(r) , 

0- 1 --Hom T {0(S),-) 

which are inverses to each other. Since T is a subring of A, we have the forgetting 
functor 

4> : mod(A) -> mod(r), A A i-> r A, 
which is obviously exact. For N S &dd( R M), we have isomorphisms of T-modules, 

(j)oa(N) = Rom R {M,N) 

= Kom R (S® s M, N) 

= Hom s (M, Rom R (S, N)) 

= l3otp{N). 
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Therefore the following diagram is (2-)commutative: 

•I A \ ^lp r °j( A ) 

proj(A) ^ proj(r) 



add( i? M) >- CM(5) 

Put K. := ip(L.). Since 

and /3 — 1 is exact, K m is exact. Let 

K e := Ker(X e _! -> K e _ 2 ) Si ^{L e ). 

From the depth lemma, K e is CM and belongs to add(sM) = CM(S). Hence 
R K e g add(ijAf). Since R C 5 is pure, L e = Honifl(i?, L e ) is a direct summand of 
fl-ftT e = Homfl(S', i e ). Hence the claim holds. □ 

We have completed the proof of Theorem 12.61 □ 

Remark 2.8. From Lemma l2.9[ if S is normal, then we can replace the condition in 
Theorem ETBl that Rom R (S,M) is CM with the condition that (S ®r M) rcf is CM. 

Lemma 2.9. Let S be a commutative normal CM ring of finite CM type with a 
CM generator M . Then for any R-module N, (N ® fl M) rof is MCM if and only if 
so is Homn(N,M). 

Proof. Let K$ denote the canonical module of S. We have 
Hom 5 ((iV ® R M) ref , Kg) = Rom s (N ® R M, K s ) £ Hom R (N, Hom 5 (Af, K s )). 

Here the left isomorphism follows from the fact Kg is reflexive. Thus (JV <E) R M) ref 
and Hom R (N, Horns (M, Kg)) are reflexive modules which are the canonical duals 
to each other. Since Homs(— ,Kg) is an auto-equivalence of CM(S) (see |Yo| ) . 
~Romg(M,Kg) is also a CM generator over S. Therefore Hom R (iV,M) is CM if 
and only if Rom R (N, Hom s (M, Kg)) is CM if and only if (N ® R M) rof is CM. □ 

Example 2.10. Let S be a commutative normal CM ring of finite CM type with a 
CM generator M, G a finite group acting on S and R :— S G . Suppose that the ring 
extension R C S is pure and unramified in codimension one. Then S*G = End R (S) 
(see [Aui page 118]). Hence we have isomorphisms of S- modules, 

M mc ^( S *G) ® s M = End R {S) ® 5 M = Hom. R {S, M). 

(Here the last isomorphism holds, since the both hand sides are reflexive modules 
and the isomorphism is valid in codimension one.) In particular, Hom R (S, M) is 
CM. From Theorem l2.61 End^(M) has global dimension d and is a NCR. 

Corollary 2.11. Let S be a commutative regular local ring with the extension 
R C S pure. Then i/Endfl(5) is CM, then it is a NCCR. 

Proof. Since S is regular, gS is a CM generator. Now the corollary is a direct 
consequence of Theorem 12.61 □ 
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3. A RESULT ON WILD QUOTIENT SINGULARITIES 

In this section, we suppose that the base ring R has characteristic p > 0. We will 
always denote by q a power of p; q = p e (e G Z>o). We define R}/ q := {f 1 ^ q \f G R} 
in the algebraic closure of the quotient field of R. Then R is a subring of R 1 ^ and 
R 1 ^ has a natural i?-module structure. The Frobenius map, F : R — > R, f \— > f p , 
is isomorphic to the inclusion map R ^ R}/ p . We will make also the assumption 
that R is F-finite. Namely the i?-module rR 1 ^ is finitely generated. 

Definition 3.1 ( jHHj ) ■ We say that R is strongly F-regular if for every ^ c G R, 
there exists q = p e such that the i?-linear map R — > rR 1 ^ with 1 h-> c}l q splits. 

Definition 3.2. Let S be a ring and G a group acting on it. Then the skew 
group ring S * G is defined as follows: It is a free ^-module, (J) geG S ■ g, with the 
multiplication defined by (sg)(s'g') = (sg^s'^^gg 1 ). 

Corollary 3.3. Let S be a commutative regular ring and G C Aut(iS) a finite 
group of automorphisms of S . Suppose that the induced G-action on the residue 
field of S is trivial and that S is unramified over R := S G in codimension one. Let 
A := S * G, which is by assumption isomorphic to End/j(S f ). Then the following 
are equivalent: 

(1) Either p = orp^G. 

(2) A has finite global dimension. 

(3) A has global dimension d. 

(4) The ring extension R C S is pure. 

(5) R is strongly F-regular. 

Proof. (1)<^(2): [Yrj Theorem 5.2], 
(1)=K3): [HE 7.5.6]. 

(3) =>(2): Obvious. 
(1)=>(4): Well-known. 

(4) ^(1): This follows from Corollary [2TEJ 

(4) =K5): Mil- 

(5) =>(4): A strongly F-regular ring is a splinter, that is, every module-finite 
extension of it is pure |Huj . □ 

See Corollary 16.181 for two more equivalent conditions. 

4. NCCRs via Frobenius 

In this section, we will continue to suppose that the base ring R has characteristic 
p > 0. 

The following is a straightforward generalization of Hara's similar result in di- 
mension two [Ha] . 

Proposition 4.1. Let S be a commutative CM ring of finite CM type with a CM 
generator M. We suppose that End^(M) is CM (see Remark \2.8\) . that R C S is 
pure and that R is strongly F-regular. Then for sufficiently large e, F^R — r(R}' p ) 
is an additive generator of 3j1A{rM). 

Proof. Our proof is essentially the same as Hara's one. Firstly, for every q, since 
sS 1 / 11 G CM(S) = add(sM), we have rS 1 ^ G add(^Af). Being a direct summand 
of R S 1/q , R R 1/q is also in &dd( R M). 
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There exists ^ c € R such that for every TV € add(flM), the map c : N — ► AT, 
to i ^ cm factors through a free i?-module as an i?-linear map: 

c:iV^i? erankAr ^7V. 

Indeed every indecomposable L £ add( R M) is embedded in the free module of the 
same rank, as it is torsion-free. Then for sufficiently factorial cj, G R, the image 
of the induced map cl ■ _R© rankL — > ^©rankL j g con tained in L. We can choose 
\\l °l as the desired c. 

If we put M* := Hom fl (M, R), it is by assumption CM. Hence sM* e add(sM) 
and R M* e add( fl M). Let M 1 ^ be the S^^-module corresponding to M by the 
obvious isomorphism S = S^ q . Since Rom R (M* , S 1 ^) is CM, Hom fl (M*, S 1 ^) E 
add( s i / ,M 1 /9). Therefore R i/ 9 Hom iJ (M*,.R 1 /g) € add( R i /9 M 1 / q ). Hence the 
i? 1 / <J -linear map 

c 1/q : Rom R (M*,R 1 / q ) -> Hom fl (M*, i? 1 / 9 ) 

factors as 

Hom fi (M*,i? 1/9 ) ->• (i? 1 ^)®" 1 -»• Eom R (M*,R^ q ), 

where to is the rank of M. 

On the other hand, since R is strongly F-regular, there exists q — p e such that 
the i?-linear map R — > i? 1 / 9 , 1 i-> c 1 / 9 splits. Applying Hom fl (Af*,— ) to it, we 
obtain a splitting i?-linear map 

(2) M = Hom R (M*,i?) ->• Hom H (M*, i? 1/<3 ). 

This factors as 

M ^ Rom R (M*,R 1/q ) — > Hom fl (A/*, 

and furthermore as 

M Hom^M*,^ 9 ) -)• (i? 1 /?)©" _j. Hom fl (M*,i? 1 /«). 

The splitting of © yields that of M ->• (i? 1 / 9 )©" 1 . Hence fi M is a direct summand 
of R {R}' q )® m . In consequence, R R 1 ' q is an additive generator of add( R M). □ 

Corollary 4.2. Wii/i i/ie assumption as in Proposition \4-l\ for sufficiently large 
e, Ead R {R 1 / p ) is Morita equivalent to End R (M) and a NCCR as well. 

Proof. As is well-known, the equality add( R R 1 / q ) = add( R M) induces the Morita 
equivalence of End R (R 1 / q ) and End R (M). □ 

The ring of differential operators on R is expressed as follows |Yej : 

D(R) = (J End RP e(R). 

e>0 

Corollary 4.3. With the assumption as in Proposition \4-l\ D{R) has global di- 
mension < d + 1. 

Proof. We have obvious isomorphisms End RP ^ (R) = F,nd R (R 1 ^ p ). Hence End RP ' (R) 
has global dimension d for e ^> 0. Since D(R) is a direct limit of them, the corollary 
follows from a general result on the global dimension of direct limits by Berstem 
[Be) . □ 
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5. NONCOMMUTATIVE HERZOG-KOH-LEE AND EXACT ORDER-RAISING 

ENDOFUNCTORS 

5.1. Noncommutative Herzog-Koh-Lee. Koh and Lee [KL proved a result on 
the minimal resolution of a module over a commutative local ring, which is a refine- 
ment of Herzog's result |Hej . We will generalize their result to the noncommutative 
setting along the lines of Koh and Lee. 

Let A be a ring. From assumption (see §1.5|) and [La2| (23.3)], A is semiperfect 
and every (left or right) finitely generated A-module admits the minimal projective 
resolution. Let ei,...,e/ be a basic set of primitive idempotents for A so that 
Qi := Aej, i = 1, . . . , I, are the irredundant set of the indecomposable projective 
left A- modules (see [SH Proposition 27.10]). 

Let j C A be the Jacobson radical. The socle of a right A-module V is defined to 
be its largest semisimplc submodulc and denoted by Soc(V r ). Since A is semiperfect, 
Soc(y) is equal to the annihilator of j (see |AF[ pages 118 and 171]) : 

Soc(y) = V\vj = 0} c V. 

Let m denote the maximal ideal of R. Let xi,...,x r € m be a maximal A- 
sequence, where r is the depth of rA and we have r < d. Define a right A-module 
V := A/ XiA. Then Vr has depth zero and nonzero socle. Since for some n, we 
have ) n C mA [La2, (20.6)], Va also has nonzero socle. Indeed if m is the smallest 
number such that Soc(Vr) • ) m — 0, then 

0^Soc(VH)-r _1 cSoc(^a). 

From now on, we simply write Soc(I^) = Soc(Va). For some 1 < i < I, we have 
Soc(V) ®a Q % / 0, say Soc(F) ® A Qi # 0. Then set 

s A := inf{i > 1| Soc{V) ® A Qi <t Vm l ® A Qi}. 

Let 

P. : ► P j+ i ^ P s % r, : -)• • r, 

be the minimal projective resolution of a left A-module U. Here for each j, we can 
write P i = ©5 k=1 Qf njli . 

Lemma 5.1. For j > r, in particular, for j > d, we have either that n^i — or 
that 8j-\-i is nonzero modulo m SA (that is, Im5 J+ i <f_ m SA Pj). 

Proof. Let j > r. The right A-module V has projective dimension r |Lal[ (5.32)]. 
Hence Toif(V, U) = 0. Hence 

V <8>A P» '■ ► V ®A Pj+1 V ® A Pj ^> V ®A Pj-1 -»•••• 

is exact in the middle. Since P m is minimal, we have 

Soc(y) ®a Pj C Ker6j = Im<5, + i. 

To obtain a contradiction, we make the assumptions that n^i > and that 6j+i 
were zero modulo m SA . From the latter, 

Soc(V) ® A -Pj C Im^+i C V"m SA ® A P;. 

From the former, this implies that Soc(y) <8>a Qi C W a ®a Qi, which contradicts 
the definition of s A . We have proved the proposition. □ 
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For a nonempty subset I C {1, 2, ...,/}, we define a ring Aj := (^ i6J ei)A(^ igJ a) 
and a number s/ = s Al in the same way as s\. Then we put 

s := max{ S/ |0 ^ I C {1, 2, . . . , Z}}. 

Theorem 5.2 (Noncommutative Herzog-Koh-Lee). Suppose that for every j < 
l{d + 1), <5j_|_i is zero modulo m s . Then Pi(d+i) = 0. Equivalently proj. dim [/ < 
Kfi-1). 

Proof. The proof is by induction on 1. If I = 1, then the proposition is a direct 
consequence of Lemma liOl We now turn to the general case. For d < j < l(d+l), 
since 5j+i is zero modulo m s , again from Lemma 15.11 we have n i = 0. Put e := 
J^ i>2 &i and A' := eAe. Then consider the complex P' % := (eP.)[d+l] of £?-modules. 
Namely the complex P' m is defined by P{ :— ePi+d+i with the obvious differentials. 
For — 1 < j < (I — l)(d + 1), since rij + d+i,i = 0, P- = ePj + d+i is a projective 
A'-module. Hence P' t is the minimal projective resolution of Coker(P{ —^Pq) at 
least in degree < (I — l)(d + 1) such that for j < (I — l)(d + 1), the differential 
5j +1 : Pj+i Pj is zero modulo m s . From the induction hypothesis, we have 

ePi( d +i) = Pli-i) {d +i) = and p i(d+i) = 0. 

□ 

When A is CM, we do not need the inductive argument and have a better result. 
In this case, we have r :— depth(ijA) = d and for every i, Soc(V) ®a Qi ^ 0. Set 

s' A := max{inf{i > 1| Soc{V) ® A Qi <t Vva 1 <g> A Qi}}- 

i 

Then we can see the following by an argument similar to that of Lemma 15.11 

Theorem 5.3. Suppose that A is CM. For j > d, if5j+i is zero modulo m SA , then 
Pj = and proj. dimL/ < d. 

5.2. Exact order-raising endofunctors and the flniteness of global dimen- 
sion. We keep the notation of the preceding subsection. 

Definition 5.4. Let $ : proj (A) — > proj (A) be an endofunctor. We say that $ 
is order-raising if for every i > 0, there exists eo > such that for every e > eo 
and for every morphism / : P — >■ Q in proj (A) which factors through jQ, $ e (/) : 
$ e (F) -> $ e (Q) factors through f$(Q). 

Definition 5.5. A functor $ between subcategories of abelian categories is said to 
have zero kernel if $(AT) = => N = 0. 

Corollary 5.6. Suppose that there exists an exact and order-raising endofunctor 
$ : proj(A) — ^ proj(A) which has zero kernel. Then A has finite global dimension. 
Moreover if A is CM, then A has global dimension d. 

Proof. Since for some n, j" C mA, we may replace in Definition 15.41 with 

m i $>(Q). Let U be an arbitrary finitely generated A-module and 

P. : ► P j+1 -> Pj -y Pj-! -> >• P 

its minimal projective resolution. Since $ is exact, for every e, <I> e (P,) is an exact 
sequence. Since $ is order-raising, if e is sufficiently large, then 

$ e (P i(d+1) ) -> $ e (P ;(d+ i)-i) $ e (P ) 
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is the first steps of the minimal projective resolution of 4> e (/7), whose differentials 
are zero modulo m s . From Theorem I5.2[ & e (Pi(d+i)) = 0. Since $ has zero kernel, 
Pi(d+i) = 0. Therefore proj. dirnt/ < l(d + 1) and hence gl. dim A < oo. 

For the second assertion, using Theorem 15 . 31 instead, we can similarly show that 
gl. dim A < d. On the other hand, from |Ra] (see also |Le2j ) , gl. dim A > d, and the 
corollary follows. □ 



6. NONCOMMUTATIVE FROBENIUSES AND THE FINITENESS OF GLOBAL 

DIMENSION 

In this section we will define the Frobenius morphism for two classes of noncom- 
mutative rings, endomorphism rings of modules and skew group rings. Then we 
study when the Frobenius pullback functor for such a ring satisfies the conditions 
in the last section for that the ring has finite global dimension. 

We now suppose that R is normal and of characteristic p > 0. 

6.1. Frobeniuses of endomorphism rings. Let M be a nonzero reflexive R- 
module and M x l p the corresponding i? 1//p -module under the isomorphism R}l p = 
R, f 1/p /• Put E := End R (M) and E 1 ^ := End jR i /p (M 1 /P). The Horn set 

H := Rom R (M,M 1/p ) 

has a natural (E 1 ^, i?)-bimodule structure. 

Definition 6.1 ( | Yaj ) . We define the Frobenius pullback of E as 

F* := H ® E - ■ mod(£) mod(£ 1/p ), 

and the Frobenius pushforward as its right adjoint 

F* := Uom E1/p (H, -) : mod^ 1 ^) mod(£). 

We call the pair (F*,F*) the Frobenius morphism of E. 

Note that E and E x / p are canonically isomorphic and one may regard the above 
functors as endofunctors. 

Example 6.2. If M = R, then H = i? 1 ^, E = R and E^p = R 1 ^. Therefore 
F* and F* are respectively the pullback and pushforward of the ordinary relative 
Frobenius R =— > R 1 ^. 

Definition 6.3. Let F : R — >• R, f !->• f p be the absolute Frobenius map of R. We 
define the reflexive pullback of an i?-module N by F as F x N := (F*N) rcl . 

Definition 6.4. Given an i?-module N, we define as follows: 

(1) N is F x -closed if F x N E add(A^). 

(2) N is F^-closed if F*N e add(iV). 

(3) N is strongly F^-closed if F*N is an additive generator of add(TV). 

Lemma 6.5. Let N be a reflexive R-module. Consider the following conditions: 

(1) N e add(Af). 

(2) Honifj(Af, N) is a projective right E-module. 

(3) Houir(N, M) is a projective left E-module. 

Then (1) & (2) (3). 
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Proof. We have an equivalence of categories of reflexive modules 

Rom R {M, -) : ref(R) A ref(£ op ), 

which restricts to an equivalence add (M) proj(£? op ) (see [IRj ) . This shows 
(1)^(2). 

If AT 6 add(M), then e Homn(N, M) is a direct summand of a free module, and 
projective. Hence (1) => (3). □ 

Proposition 6.6. The following are equivalent: 

(1) F* is exact. 

(2) H is a projective right E-module. 

(3) M is F^-closed. 

Proof. (1)<^>(2): Since E is Noetherian, He is fiat if and only if it is projective, 
which shows this equivalence. 

(2) <^>(3): From the preceding lemma, H is a projective right E'-module if and 
only if rM 1 ^ = F*M £ add(Af), that is, M is F»-closed. □ 

Proposition 6.7. If M is strongly F^-closed, then for every nonzero E-module A, 
F* A is nonzero. Namely F* has zero kernel. 

Proof. If M is strongly F*-closed, then He contains every indecomposable projec- 
tive -E-module as a direct summand. Hence for some I, H® 1 contains Ee as a direct 
summand. Hence H® 1 <£> E A ^ and H <E)e A ^ 0. □ 

Proposition 6.8. Consider the following conditions: 

(1) F* preserves projective modules. 

(2) F* is exact. 

(3) H is a projective left E l ' p -module. 

(4) M is F x -closed. 

Then (1) <=> (2) & (3) <S= (4). 

Proof. (1)^(2)^(3): Obvious. 

(3) <S=(4): Let F rc i denote the relative Frobenius map, R ^ B}/p. Define the 
reflexive pullback F*^ similarly. We have isomorphisms of left £J 1//p -modules, 

H = Hom R1/ p (F r * cl M,M^ p ) 2 Hom R i/ P (F r x cl M, M l ^ p ). 

Here the left isomorphism follows from the adjunction and the right from the fact 
that M v ' p is reflexive. Now (3)<^(4) follows from Lemma T6. 5 1 □ 

Corollary 6.9. If M is strongly F^-closed and F x -closed, and if F*\ pro ^E) is 

order-raising (regarded as an endofunctor) , then E has finite global dimension. 
Moreover if E is CM, then its global dimension is d. 



Proof. The functor F* preserves projectives and its restriction F*| pro j£ is exact 
and order-raising and has zero kernel. Now the corollary follows from Corollary 
EH □ 
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6.2. The case where M is a commutative regular local ring. In this subsec- 
tion, we additionally suppose that the i?-module M is also a commutative regular 
local ring such that the i?-module structure on M is the one induced from the ring 
extension R C M. 

Lemma 6.10. R M is strongly F^-closed and F* is exact and has zero kernel. 

Proof. Since M is regular, F*M — M l / p is a free M- module. Hence R M is strongly 
.FVclosed. The rest assertions follow from Propositions 16.61 and 16.71 □ 

Proposition 6.11. Suppose that E — End^(M) is CM and that the ring extension 
R C M is pure. Then M is F x -closed and F* preserves projectives. 

Proof. From Lemma [231 (M <g> R M) ref is also CM. Since M 1 ^ is a free M-module, 
{M x l p ® R M) Iei is also CM and a free M^-module. Therefore r i /p {M^p ® r 
M) rcf 6 add( i? i/ P Af 1 /P). Since R i/ P (R 1 / p ® R M) Iei is a direct summand of R i/ P (M 1 / p ® R 
M) rcf , we have R i/ P {R 1/p ®r M) rof e add( jR i /p M 1 /P), which saids that M is in- 
closed. From Proposition 16.81 F* preserves projectives. □ 

Since M is naturally regarded as a subring of E — End^(M), there are forgetting 
functors mod(£) — > mod(M) and similarly mod(E 1 / p ) — > mod(Af 1 / p ). 

Proposition 6.12 ( |Yaj ). The diagram 

mod(M) — mod(M 1 /f) 



mod(£) — ^ mod( J B 1 /P) 

is commutative. Here Fm '■ M '—I M x ' p is the relative Frobenius map of M. 

Proof. The two composite functors from mod(£) to mo d(M 1 /p) in the diagram 
send eE to M x l p ®m E and M i/ P ii respectively. It suffices to show that there is a 
natural isomorphism between the two modules. Since M is regular and M x / p is a 
free M-module, we have 

M 1/p ® M E = Uom R (M, M 1/p ) = H. 

□ 

Proposition 6.13. Let j be the Jacobson radical of E and xtim the maximal ideal 
of M . Suppose that F* preserves projectives. Then F* |p ro j(£7) * s order-raising if 
and only if) C ttljvf-E. 

Proof. The "if" part: Let <f> : P — > Q be a morphism in proj(_E) which factors 
through )Q, and hence through ttimQ- From Proposition I6.12| (F*) e (</>) factors 
through m{f f e] (F*) e (Q). Here m^ 1 is the ideal of M generated by f p " , / £ m M . 
Let m R be the maximal ideal of R. For every i > 0, there exists n > such that 
f D m R E. Then for every n > 0, there exists e > such that m R E D tt% E. 
Therefore for every i > 0, if e is sufficiently large, then (F*) e (</!>) factors through 
f(F*) e (Q). Thus F*| pro j(E) is order-raising. 

The "only if" part: Suppose ) <£. VO-mE. Then choose an element / e ) \ mj^E 
and let <j) : eE — > eE be the map sending 1 to /. From Proposition ^. 12[ for every 
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e, (F*) e (</>) does not factor through muE. However if F* were order-raising, for 
e>0, (F*) e ((/>) would factor through xumE. Therefore F* is not order-raising. □ 

We now prove Corollary 12 . 1 1 1 in a different way under the additional assumption 
on the Jacobson radical: 

Corollary 6.14. If E is CM, the extension R C M is pure and j C vcimE, then E 
has global dimension d and is a NCCR. 

Proof. From Proposition 16.111 F* preserves projectives. From Lemma 16.101 and 
Proposition 16.131 the restricted endofunctor F*\ pro ^ E -^ is exact and order-raising 
and has zero kernel. Now the assertion follows from Corollary 15. 61 □ 

Problem 6.15. If E is CM and the extension R C M is pure, then is the Jacobson 
radical j of E included in xtimE? 

6.3. Frobeniuses of skew group rings. Let S be a commutative regular local 
ring and G a finite group acting on it. Let 

F S :S^¥ S 1/p 

be the Frobenius map of S. Since S is regular, Fs is flat and S 1 ^ is a free S- 
module. We note that S 1 ^ has a natural G-action such that Fs is G-equivariant. 
Therefore the skew group ring S 1 ^ * G is also defined. 

Definition 6.16. We define the Frobenius map of S * G just as the inclusion map 

F : S * G S 1/p * G, 

by which S * G becomes a subring of S x / p * G. Accordingly we define the Frobenius 
pullback and pushforward functors 

F* : mod(5 * G) -¥ mod(5' 1/p * G), A >->■ S 1/p * G <E> s *g A, 

F» : mod(S* 1 / p * G) -»• mod(5 * G), S i/ P , G A i-> s *gA. 

The following proposition is a direct consequence of the definition: 

Proposition 6.17. F* is exact, preserves projectives and has zero kernel. Also F* 
is exact. Furthermore the diagram 

mod(S) mod(S^P) 



mod(S * G) —p- mod(S' 1 / p * G) 

is (2-) commutative. 

Corollary 6.18. Let n be the maximal ideal of S. Suppose that G C Aut(S'), that 
G acts trivially on the residue field S/n and that S is unramified over R = S G in 
codimension one. Then the following are equivalent: 

(1) The five equivalent conditions in Corollary ] 3. 3\ hold. 

(2) The Jacobson radical of S * G is n * G. 

(3) F* is order-raising. 

Proof. (1)=^(2): Villamayor's theorem [Vl] (see also [Pa]). 

(2) =>(3): Similar to Proposition 16. 131 

(3) =>(1): This follows from Proposition 16. 171 and Cororallv 15.61 □ 
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6.4. Agreement of the two definitions of noncommutative Probenius. 

Proposition 6.19. Let S be a commutative regular local ring and G C Aut(S') a 
finite group of automorphisms of S . Suppose that S is unramified over R= S G 
in codimension one. Then with identifications S * G = End R (S) and S 1 ^ * G — 
End fl i/p (5' 1 / p ), the Frobenius morphisms of S * G and Endfl(5') in Definitions \6J] 
and \6.16\ coincide. 

Proof. Frobenius morphisms are respectively given by the bimodules 

S i/p* g (5 1/p * G)s*g and E nd Rl/p (SV*) Hom fl (S, S 1/p ) EadR{s) . 

Therefore it suffices to show the isomorphism of these bimodules under the men- 
tioned identifications of rings. By assumption, we have an isomorphism of (S, R}/ p )- 
bimodules, S^ p £ (S® R R 1 / p ) lel . Therefore we have isomorphisms of bimodules, 

S 1/p * G £ Hom fil/p (S 1/p , S 1/p ) 

-Ho mj?1/ p((5®Ki? 1/p ) rof ^ 1/p ) 
£ Uom Rl/p {S® R R 1/p ,S 1/p ) 

e£Bom R (S, S 1 /") 

We have completed the proof. □ 

References 

[AF] Frank W. Anderson and Kent R. Fuller. Rings and categories of modules, volume 13 of 
Graduate Texts in Mathematics. Springer- Verlag, New York, second edition, 1992. 

[ARS] Maurice Auslander, Idun Reiten, and Sverre O. Smal0 Representation theory of Artin 
algebras, volume 36 of Cambridge Studies in Advanced Mathematics. Cambridge University 
Press, 1997. 

[Au] Maurice Auslander. On the purity of the branch locus. Amer. J. Math., 84:116-125, 1962. 
[BO] A. Bondal and D. Orlov. Derived categories of coherent sheaves. In Proceedings of the 

International Congress of Mathematicians, Vol. II (Beijing, 2002), pages 47-56, Beijing, 

2002. Higher Ed. Press. 

[Be] Israel Berstein. On the dimension of modules and algebras. IX. Direct limits. Nagoya Math. 
J., 13:83-84, 1958. 

[Da] Hailong Dao. Remarks on non-commutative crepant resolutions of complete intersections. 

Adv. Math., 224(3):1021-1030, 2010. 
[ES] Gcir Ellingsrud and Tor Skjelbred. Profondeur d'anneaux d'invariants en caracteristiquc 

p. Compos. Math., 41(2):233-244, 1980. 
[Ha] Nobuo Hara. F-blowups of F-regular surface singularities, to appear in Proc. Amer. Math. 

Soc. 

[He] Jiirgen Herzog. Ringe der Charakteristik p und Frobcniusfunktoren. Math. Z., 140:67—78, 
1974. 

[HH] Melvin Hochster and Craig Huneke. Tight closure and strong F-regularity. Mem. Soc. 

Math. France (N.S.), (38):119-133, 1989. 
[Hu] Craig Huneke. Tight closure and its applications, volume 88 of CBMS Regional Conference 

Series in Mathematics. American Mathematical Society, 1996. 
[IR] Osamu Iyama and Idun Reiten. Fomin-Zelevinsky mutation and tilting modules over 

Calabi-Yau algebras. Amer. J. Math., 130(4):1087-1149, 2008. 
[KL] Jee Koh and Kisuk Lee. Some restrictions on the maps in minimal resolutions. J. Algebra, 

202(2):671-689, 1998. 

[Ku] Ernst Kunz. Characterizations of regular local rings for characteristic p. Amer. J. Math., 
91:772-784, 1969. 

[Lai] T. Y. Lam. Lectures on modules and rings, volume 189 of Graduate Texts in Mathematics. 
Springer- Verlag, New York, 1999. 



1(5 



TAKEHIKO YASUDA 



[La2] T. Y. Lam. A first course in noncommutative rings, volume 131 of Graduate Texts in 

Mathematics. Springer- Verlag, New York, second edition, 2001. 
[Lei] Graham J Leuschke. Endomorphism rings of finite global dimension. Canad. J. Math., 

59(2):332-342, 2007. 

[Lc2] Graham J Leuschke. Non-commutative crepant resolutions: scenes from categorical geom- 
etry. larXiv:1103.5380l 

[MR] J. C. McConnell and J. C. Robson. Noncommutative Noetherian rings, volume 30 of Grad- 
uate Studies in Mathematics. American Mathematical Society, 2001. 

[Pa] D.S. Passman. It's essentially Maschke's theorem. Rocky Mountain J Math, 13(1):36— 54, 
1983. 

[Ra] Mark Ramras. Maximal orders over regular local rings of dimension two. Trans. Amer. 

Math. Soc, 142:457-479, 1969. 
[Sm] Karen Smith. Brief guide to some of the literature on F-singularities. available at 

http: //www. aimath. org/WWN/singularvariety/F-sings .pdf 
[TY] Yukinobu Toda and Takehiko Yasuda. Noncommutative resolution, F-blowups and D- 

modules. Adv. Math., 222(l):318-330, 2009. 
[VdB] Michel Van den Bergh. Non-commutative crepant resolutions. The legacy of Niels Henrik 

Abel, 7497770, Springer, Berlin, 2004. 
[Vi] Orlando E. Villamayor. On the semisimplicity of group algebras. Proc. Amer. Math. Soc, 

9:621-627, 1958. 

[Ya] Takehiko Yasuda. Frobenius morphisms of noncommutative blowups. arXiv:0906.1662 to 

appear in the proceedings of the 5th Franco-Japanese symposium on singularities 2009. 
[Ye] Amnon Yckuticli. An explicit construction of the Grothcndieck residue complex. 

Asterisque, (208):127, 1992. With an appendix by Pramathanath Sastry. 
[Yi] Zhong Yi. Homological dimension of skew group rings and crossed products. J. Algebra, 

164(1):101-123, 1994. 

[Yo] Yuji Yoshino. Cohen- Macaulay modules over Cohen- Macaulay rings, volume 146 of London 
Mathematical Society Lecture Note Series. Cambridge University Press, 1990. 

Department of Mathematics and Computer Science, Kagoshima University, 1-21-35 
Korimoto, Kagoshima 890-0065, Japan 

E-mail address: yasuda@sci.kagoshima-u.ac.jp 



